Abstract we present new anisotropic generalization of Buchdahl [1] type perfect fluid solution by using the method of earlier work [2] . In similar approach we have constructed the new pressure anisotropy factor ∆ by the help both the metric potential e λ and e ν . The metric potential e λ same as Buchdahl [1] and e ν is monotonic increasing function as suggested by Lake [3] . After that we obtain new well behaved general solution for anisotropic fluid distribution. We calculated the physical quantities like energy density, radial and tangential pressures, velocity of sound and red-shift etc. We observe that these quantities are positive and finite inside the compact star. Also note that mass and radius of our models can represent the structure of realistic astrophysical objects such as Her X-1 and RXJ 1856-37.
Introduction
The general theory of relativity (i.e. Einstein's theory of gravitation and space time) is the most beautiful and elegant of physical theories which made foundation for our understanding of compact relativistic astrophysical objects. The predictions of general relativity have been authenticated to be in harmony with observational data in relativistic astrophysics and cosmology. Numerous static perfect fluid compact star models of have been constructed by the help of exact solutions of Einstein's filed equations for static spherically symmetric line element in the past years because this is first approximation of building a realistic star models. There are a large number of models in literatures based on the topic of the spherically symmetric exact solutions but very few of them satisfy the required general physical situations inside the stellar interior dense matter [4] . In this connection, a e-mail: sunil@unizwa.edu.om b e-mail: kumar001947@gmail.com c e-mail: baiju@unizwa.edu.om d e-mail: mahmoodkhalid@unizwa.edu.om e e-mail: aaljamel@unizwa.edu.om
The number of workers [5] [6] [7] [8] [9] [10] [11] have been investigated the structure of compact astrophysical object such as X-ray pulsar, Her X-1, RXJ 1856-37, X-ray busters, 4U 1820-30, SAX J 1808.4-3658, X-ray sources, 4U 1728-34 and PSR 0943+10, whose mass-radius relationship of this astrophysical objects are important because these can be directly compared with observational compact stars. The mass to radius relationship of the stellar object provide a vital clue to distinguish between different super dense stars, white dwarf, neutron stars and ultra-compact stars from one another.
The study of compact stellar structure and evolution is that the interior structure of a star can be modeled as anisotropic perfect fluid. Starting point in the studies of compact relativistic astrophysical objects is represented by the interior Schwarzschild solution. The works of Ruderman [12] and Canuto [13] on compact star having matter distributions with energy densities much greater than the nuclear regime indicate that the super-dense stars are likely to develop anisotropic pressure. It has been discovered that the anisotropic pressure is diverse in physical nature i.e. radial pressure is not equal to the tangential pressure inside the core. The issue of local anisotropy in pressure was extensively reviewed by Herrera and Santos [14] in a general relativistic approach and present several physical mechanisms for its origin in the systems of extremely low and very high density, which may include astrophysical compact objects. It would be expected that origin of pressure anisotropy is due to a number of physical phenomena that may take place inside the gravitational compact objects. Bowers and Liang [15] shown that the possible importance of locally anisotropic equation of state in high density ranges with order 10 15 gcm −3 where nuclear reaction have to be treated relativist ally. It has been shown that due to geometry of modes, anisotropic distribution of pressure could be considered to pion condensation or super fluidity state. Also they have investigated that the anisotropy may also affect on the limiting values of the maximum mass of compact objects. Hernandez and Nuez [16] obtained a general method for static spherically symmetric anisotropic solutions which are obeying nonlocal equation of state form density profile by assuming the conditions of a vanishing Weyl tensor. Mak & Harko [17] found a class of exact solutions of Einstein's field equations characterizing spherically symmetric and static anisotropic matter distribution. Sharma and Maharaj [18] have given a class of exact solution which can be applied to strange star with quark matter for neutral anisotropic matter.
In the recent years there have been several investigations of the Einstein field equations corresponding to anisotropic matter distribution where the component of radial pressure differs from the angular component and examined how anisotropic matter distribution affects on the effective mass, radius of the stars, central energy density, critical surface red-shift and stability of highly compact bodies. These works can be seen in further references [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Now we would like to focus on our present work, As very recently Gupta and Maurya [29] have obtained a class of well-behaved charged analogues of Buchdahl's [1] neutral perfect fluid solution, which reduces to its natural counterpart in the absence of charge under the Einstein-Maxwell space times. The members of this class have been shown to satisfy various physical conditions. This analysis of the model reveals both vela and crab pulsars. In the present paper, we proceed in similar fashion to obtain the general anisotropic solution of Buchdahl's [1] metric for compact star models. Also this paper is sequel of the papers [2, 30] , where in paper [30] we developed the general algorithm for charged anisotropic solutions for spherically symmetric metric, however in paper [2] we have adopted a different approach to construct the anisotropy factor with the help of both metric potential e ν and e λ . The later one is very interesting method to construct the anisotropy factor by the help of the metric potentials. As per as our knowledge and survey of literatures, till now no alternative well behaved anisotropic solution for compact star is available in the literature. Our main goal have twofold: first to find new exact anisotropic solution by the same methodology as in [2] which may gives the better realistic model to express the physical properties of compact star models, secondly, to investigate the role pressure anisotropy on the maximum mass of compact stars.
The structure of the paper as follows: In Sec. 2 we set up the Einstein field equations for anisotropic compact objects are given whereas the method to construct the anisotropy and general solutions is shown in Sec. 3. In Sec. 4 we represent fascinating characteristics of the physical parameters which include central density, radial and tangential pressures, stability, pressure anisotropy, adiabatic index and red shift etc. along with the matching condition. We provide the effective-mass relation and red shift of the compact star in Sec.5. As a special study, In Sec.6 we compared our models to the observational compact star models with the several data sheets in connection to compact stars. At last we discussed the brief summary of discussions and conclusions. Hopefully, our results will be more important to analysis of structure of observational compact stars objects, as well as study of the behavior of matter undergoing strong gravitational field.
Metric and The Einstein Field Equations
We consider the static spherically symmetric metric to describe the anisotropic fluid distribution with Schwarzschild coordinates, x i = (r, θ, φ, t) [29, 30] 
We assume the Einstein field equations for a static spherically symmetric anisotropic fluid distribution in the standard form of ordinary differential equations [31] ,
Pressure anisotropy condition:
Now let us take the metric potential according the Buchdhal [1] space time:
Eq.(5) becomes:
3 Exact solution of the models for anisotropic stars
The above equation Eq. (7) is associated with the pressure anisotropy factor ∆. First of all, our aim to construct the new anisotropy factor ∆, which should be suitable to construct the models for anisotropic stars. That means ∆ should be zero at the centre and positive for suitable choice of metric potential y. It is obvious that if ∆ = 0, then y = (1+Cr 2 ) 3/2 is a particular solution of the equation Eq. (7). Now for constructing the expression for the pressure anisotropy, we suppose
is a particular solution of the Eq. (7). As we note y is a regular and monotonic increasing function [3] . Substituting y from Eq. (8) in Eq. (7), we obtain:
The above pressure anisotropy expression is finite and positive for 0 < Cr 2 < 2 β+1
2 β+2 and β > 0. Our next aim to obtain the most general solution of the equation Eq. (7) with anisotropic matter distribution, for this purpose we insert the expression of ∆ in the Eq. (7); we get ) with respect to fractional radius (r/R) for Her X-1 and RXJ 1856-37
Here Eq.10 is linear differential equation of second order. We shall apply the change of dependent variable method: Let us the differential equation of the form:
Suppose z = z 1 be the particular solution of the differential Eq. (11), then the general solution will differential Eq. (11) can be represented by Z = z 1 F where,
Now we suppose y = (1 + Cr 2 + β Cr 2 ) 3/2 = y 1 is a particular solution of Eq. (10), then most general solution of the differential Eq. (10) is given by:
(13) After integration of above Eq. (13), we obtain
(14) where A and B are arbitrary constants of integration and
β(2β+3) 2 , and w 4 = β (2β + 3). The expressions for energy density, radial pressure and transverse pressure are obtained as: 4 Some physical features, matching condition and bounds on the parameters of the models
Regularity conditions at the centre:
The radial pressure p r , tangential pressure p t and density ρ should be positive finite inside the star. Density of star at centre:
From Eq.(19)
Since density is positive and finite at centre. Then C is positive and finite. Now the radial pressure at centre can be obtained from the Eq.(17) as:
where p r (r = 0) > 0. Then, Eq.(21) implies that:
Matching Condition
The exterior space-time of the star can be described by the Schwarzschild metric as
Continuity of the metric coefficients e ν and e λ across the boundary surface of the models r = R between the interior and the exterior regions of the star yields the following conditions:
where y(r = R) = y R . The radial pressure p r =0 at r = R gives
(28) Eq. (24) and Eq.(25) respectively give:
Causality conditions
The speed of sound inside the star should be less than the speed of light i.e.
0 ≤ V r = dp r c 2 dρ < 1, 0 ≤ V t = dp t c 2 dρ < 1;
Energy conditions
The anisotropic fluid sphere composed of fluid matter will satisfy the null energy condition, weak energy condition and strong energy condition, if the following inequalities hold simultaneously at all points in the star. 
Generalized TOV equation:
A star will remain in hydrostatic equilibrium provided that it's gravitational force which points inwards balances against its outward pointing internal pressures. Given a particular solution, the Tolman-Oppenheimer-Volkoff equation states a relationship between the mass, density and pressure which will allow the star to remain in hydrostatic equilibrium. The generalized Tolman-Oppenheimer -Volkoff (TOV) equation
Where M G is the effective gravitational mass given by
The generalized Tolman-Oppenheimer -Volkoff (TOV) equation: TOV equations are used to calculate macroscopic features such as mass and radius of the star.
The choice of the mass function is motivated by the fact that it gives a monotonically decreasing energy density in the stellar interior. Eq. (31) is the modified form of TOV equation in the presence of anisotropy and it describes the equilibrium condition for an anisotropic fluid subject to gravitational (F g ), hydrostatic (F h ) and anisotropic stress (F a ) so that:
Where
F h = − dp r dr (35)
The explicit form of above forces can be expressed in following forms: The study of dynamical stability of our solution is important; this requires computing the adiabatic index γ and the pressure. According to the Le Chateliers principle (also known as local or microscopic stability condition) that the p r must be a monotonically non-decreasing function of r such that dp r dρ ≥ 0 [32] . Also, Heintzmann and Hillebrandt [33] describe that neutron star with anisotropic equation of state is stable for γ ≥ 4/3. This result says that star with γ= 4/3 marginally stable. If γ is less than 4/3 then dynamical instability will occur, while if γ is greater than 4/3 the relatively the star is stable. Thus for this case, positive anisotropy may slow down the growth if instability. We have seen that the presence of the anisotropic pressure in self-gravitating system can have dramatic effect on the dynamics and stability of the star. In particular, there are some novel features that are present only if the pressure is anisotropic, e.g., infinite core pressure, zero radial pressure and stable object with γ ≥ 4/3. In the corresponding isotropic case stability immediately sets in if γ< 4/3. 
Case-2:
For physically valid model, the velocity of sound should be less than or equal to velocity of light i.e. it should be within the range 0 ≤ V 2 i = (dp i /c 2 dρ) ≤ 1 [34, 35] .
The expressions for squares of velocities are given by
where In order to determine the stability of anisotropic star, Herrera's [34] proposed the cracking (also known as overturning) concept which states that the region is potentially stable in which radial speed of sound is greater than the transverse speed of sound.
For this purpose, we calculate the difference of velocities which can be expressed as:
r at the centre also lies between 0 and 1 (Fig.11) . Let us now we will discuss about the effective mass-radius relation of the compact star. Buchdahl [1] has given an absolute bound on the maximum allowable mass-radius ratio (M/R) for spherically symmetric perfect fluid spheres which is 2M/R ≤ 8/9 (in the unit, c = G = 1). This upper bound of mass to radius ratio shows that for a given radius a static perfect fluid sphere cannot be arbitrarily massive. However, Mak and Harko [17] have given a more generalized expression for the mass-to-radius ratio. In our present compact star models, the effective gravitational mass has of the form as
Therefore the compactness of the star can be expressed as
From Fig.(12) , we note that mass-radius ratio (2M/R) of our anisotropic fluid models are satisfying the Buchdahl condition i.e. 2M/R ≤ 8/9 = 0.88889. Then the corresponding to the above compactness (u), the surface red-shift (Z s ) is obtained as 6 Model parameters and comparison with some of the observational compact stars
In the present section, we prepare several data sheets of the physical parameters for the models in the Tables 1-4 . Also we compared those with some of the compact objects, i.e. compact star Her X-1 and RXJ 1856-37 in table 4. We have already plotted the graphs for those data points in the previous section 3 and 4. (See Figs.  1-13) . In our present observation we obtained a stable compact object model with physical parameters R = 6.6963 Km and Mass M = 0.9805M for Her X-1 while M = 0.9031M , R = 6 Km for RXJ 1856-37. However the surface redshift turns out to be Z=0.3268 for Her X-1 and Z=0.3411 for RXJ 1856-37, which shows that it is lying within the range Z ≤ 2 [1, 36, 37] and 0 < Z ≤ 1 [38] [39] [40] [41] [42] Also the summary of proposed tables as follows: Tables 1-2 have data for the physical parameters for compact star Her X-1 and RXJ 1856-37. In Table 3 , the values of mass and radius are given for different constants A, B and C. Under these data values, we obtained some physical quantities of the compact star like central energy density, central pressure and surface energy density in Table 4 In this paper, we constructed the general anisotropic solution of well know Buchdahl perfect fluid solution for relativistic compact objects that is globally neutral anisotropic and satisfies the conditions of hydrostatic equilibrium. In particular, our results are dependent of the matter distribution and other physical parameters.
As an important step, first we have started with e λ form Buchdahl metric [1] and e ν through lake [3] assumption to construct the anisotropy factor ∆, which is physically valid. After that we have obtained the general solution of anisotropic fluid distribution. In the next section, we joined smoothly the interior metric Eq.(1) with the Schwarzschild metric on the boundary of the star (r=R) and calculated the arbitrary constants A and B. Also we have checked all regularity and stability conditions of compact stars with anisotropic matter distribution which are quite satisfied and also helpful in gravitational description of bodies such as HerX-1 & RXJ1856-37.
As a detailed discussion, we will explore our physical results as follows: (A) Regularity, Causality and well behaved conditions: The metric potential e λ and e ν are regular at the centre and monotonic increasing (Fig.1) , (ii) energy density ρ, radial pressure p r and tangential pressure p t are positive and finite inside the star (Fig. 3 and 4) . Also, the ratio of pressure versus density is monotonically decreasing away from the center (Fig.5). (iii) Fig.6 shows that the velocity of sound is less than the velocity of light inside the fluid sphere as well as it is monotonically decreasing away from the centre i.e. well behaved. (B) Energy and stability conditions: (i) From Fig. 7 , we conclude that our models satisfy the all energy conditions at each points inside the star. (ii) According to the Heintzmann and Hillebrandt [30] , the stable neutron star with anisotropic equation of state has an adiabatic index γ > 4/3 as which can be observed from Fig.(9) and Table 2 of our proposed models. (iii) Also, we note that the velocity of sound should be within the range i.e. 0 < V 2 i ≤ 1 [34, 35] and this can be seen from Fig. (10) . (C) Generalized TOV equation: The plot for generalized Tolman-OpenheimerVolkoff equations is given by the Fig.(8) . We conclude from this figure that the system is counter balance under the different forces, i.e. the gravitational force, hydrostatic force and anisotropic stress, and system attains a static equilibrium. However, the gravitational force is dominating the hydrostatic force and it is balanced by the joint action of hydrostatic force and anisotropic stress, where the anisotropic stress has a negligible role to the action of equilibrium condition. These physical features represents that the models are stable. (D) Anisotropy features and red shift: (i) the behavior of anisotropy is shown in Fig. Eq.(2) . We observe form this figure that the anisotropy is increasing with increase the radius and it attains maximum value inside the star. After reaching maximum it start decreasing with radial distance as such behavior also shown by MaK and Harko [43, 44] . However, the anisotropy is vanishing at the centre of the star. (ii) As we can see from table 1, the red shift of the compact star Her X-1 and RXJ 1856-37 is maximum at centre and minimum at the surface and corresponding values as follows: (a) at the center Z= 1.2416 and at the surface Z=0.3268 for Her X-1, (b) at centre Z= 1.2908 and at surface Z=0.3411. Also, the behavior of red shift inside the compact star is shown by the Fig.(13) . 
